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Abstract 

The concept of pedant tree-connectivity was introduced by Hager [10] in 1985. For 
a graph G = {V,E) and a set S' C V{G) of at least two vertices, an S-Steiner tree or a 
Steiner tree connecting S (or simply, an S-tree) is a such subgraph T = (y',E') of G 
that is a tree with S CV'. For an S-Steiner tree, if the degree of each vertex in S is equal 
to one, then this tree is called a pedant S-Steiner tree. Two pedant S-Steiner trees T 
and T' are said to be internally disjoint if E{T)riE{T') = 0 and V{T)C\V{T') = S. For 
S C U(G) and |S| > 2, the local pedant-tree connectivity tc{S) is the maximum number 
of internally disjoint pedant S-Steiner trees in G. For an integer k with 2 < fc < n, 
k-pedant tree-connectivity is defined as Tk{G) = min{rG(S) |S C U(G),|S| = k}. In 
this paper, we first study the sharp bounds of pedant tree-connectivity. Next, we obtain 
the exact value of a threshold graph, and give an upper bound of the pedant-tree k- 
connectivity of a complete multipartite graph. For a connected graph G, we show 
that 0 < Tfc(G) < n — k, and graphs with Tk{G) = n — k,n — k — l,n — k — 2,0 are 
characterized in this paper. In the end, we obtain the Nordhaus-Guddum type results 
for pedant tree-connectivity. 

Keywords: connectivity, Steiner tree, pedant S-Steiner tree, packing, pedant tree- 
connectivity. 

AMS subject classification 2010: 05C05, 05C40, 05C70. 


1 Introduction 

All graphs considered in this paper are undirected, hnite and simple. We refer to the 
book [3] for graph theoretical notation and terminology not described here. For a graph 
G, let V{G), E{G) and d{G) denote the set of vertices, the set of edges and the minimum 
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degree of G, respectively. Connectivity is one of the most basic concepts of graph-theoretic 
subjects, both in combinatorial sense and the algorithmic sense. As we know, the classical 
connectivity has two equivalent definitions. The connectivity of G, written k(G), is the 
minimum order of a vertex set S' C 1/(G) such that G \ S is disconnected or has only one 
vertex. We call this definition the ‘cut’ version definition of connectivity. A well-known 
theorem of Whitney provides an equivalent definition of connectivity, which can be called 
the ‘path’ version definition of connectivity. For any two distinct vertices x and y in G, the 
local connectivity KQ(x,y) is the maximum number of internally disjoint paths connecting 
X and y. Then n{G) = min{AtG'(x, y) \x,y € V{G),x ^ y} is defined to be the connectivity 
of G. For connectivity, Oellermann gave a survey paper on this subject; see |28j . 

Although there are many elegant and powerful results on connectivity in Graph Theory, 
the basic notation of classical connectivity may not be general enough to capture some 
computational settings. So people want to generalize this concept. For the ‘cut’ version 
definition of connectivity, we find the above minimum vertex set without regard the number 
of components of G\S. Two graphs with the same connectivity may have differing degrees 
of vulnerability in the sense that the deletion of a vertex cut-set of minimum cardinality 
from one graph may produce a graph with considerably more components than in the case 
of the other graph. For example, the star Ki^n and the path Pn+i (n > 3) are both trees of 
order n-|-l and therefore connectivity 1, but the deletion of a cut-vertex from Ki^n produces 
a graph with n components while the deletion of a cut-vertex from Pn+i produces only two 
components. Chartrand et al. [1] generalized the ‘cut’ version definition of connectivity. 
For an integer k {k > 2) and a graph G of order n (n > k), the k- connectivity k-'j^{G) 
is the smallest number of vertices whose removal from G of order n {n > k) produces a 
graph with at least k components or a graph with fewer than k vertices. Thus, for k = 2, 
K 2 (G) = k{G). For more details about ^-connectivity, we refer to [11171 [2811^ . 

The generalized connectivity of a graph G, introduced by Hager m. is a natural gener¬ 
alization of the ‘path’ version definition of connectivity. For a graph G = (V, E) and a set 
S C V{G) of at least two vertices, an S-Steiner tree or a Steiner tree connecting S (or sim¬ 
ply, an S-tree) is a such subgraph T = (F', E') of G that is a tree with S C V'. Note that 
when |5| = 2 a Steiner tree connecting S is just a path connecting the two vertices of S. Two 
Steiner trees T and T' connecting S are said to be internally disjoint if E(T) n E{T') = 0 
and V{T)f^V{T') = S. For S C V{G) and [S'! > 2, the generalized local connectivity kg{S) 
is the maximum number of internally disjoint trees connecting S in G, that is, we search 
for the maximum cardinality of edge-disjoint trees which include S and are vertex disjoint 
with the exception of S. For an integer k with 2 < k < n, generalized k- connectivity (or 
k -tree-connectivity) is defined as Hk{G) = min{«;G(*S') | S C V{G), IS*! = k}, that is, Kk{G) 
is the minimum value of kg{S) when S runs over all fc-subsets of V{G). Clearly, when 
151 = 2, K 2 {G) is nothing new but the connectivity k{G) of G, that is, K 2 {G) = n{G), which 
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is the reason why one addresses Kk{G) as the generalized connectivity of G. By convention, 
for a connected graph G with less than k vertices, we set Hk{G) = 1. Set Kk{G) = 0 when 
G is disconnected. Note that the generalized /c-connectivity and /c-connectivity of a graph 
are indeed different. Take for example, the graph Hi obtained from a triangle with vertex 
set {vi,V 2 ,V 3 } by adding three new vertices ui,U 2 ,U 3 and joining Vi to Ui by an edge for 
1 < i < 3. Then K 3 {Hi) = 1 but k'^{Hi) = 2. There are many results on the generalized 
connectivity, see [HiiiaiiTiiiHiiiniisniiiiiissiiiaiiMiEQ]. 

The concept of pedant-tree connectivity [TO] was introduced by Hager in 1985, which 
is specialization of generalized connectivity (or k-tree-connectivity) but a generalization of 
classical connectivity. For an S'-Steiner tree, if the degree of each vertex in S is equal to 
one, then this tree is called a pedant S-Steiner tree. Two pedant 5-Steiner trees T and 
T' are said to be internally disjoint if E(T) n E(T') = 0 and V{T) D V{T') = S. For 
S C V{G) and IS"! > 2, the local-pedant tree connectivity tg{S) is the maximum number of 
internally disjoint pedant S'-Steiner trees in G. For an integer k with 2 < k < n, pedant-tree 
k-connectivity is defined as Tk{G) = min{rG(S') | S C V{G), IS”! = k}. Set Kfc(G) = 0 when 
G is disconnected. 

In |10] . Hager derived the following results. 

Lemma 1 [10] Let G be a graph. If Tk{G) > i, then 6{G) > k -\- i — 1. 

Lemma 2 [T0| Let G he a graph. If Tk{G) > i, then k{G) > k -\- i — 2. 

Li et al. m obtained the following result. 

Lemma 3 [19] Let G be a connected graph with minimum degree 6. If there are two adjacent 
vertices of degree 6, then k{G) < 6{G) — 1. 

Obviously, the generalized /c-connectivity (or k-tree-connectivity) and pedant-tree k- 
connectivity of a graph are indeed different. For example, let H = Wn be a wheel of order 
n. From Lemmad] we have T 3 {H) < 1. One can check that for any S' C H (H) with IS"! = 3, 

th{S) > 1. Therefore, T 3 {H) = 1. From LemmaE] we have K 3 {H) < d{H) — 1 = 3 — 1 = 2. 

One can check that for any S C V{G) with [S’! = 3, kh{S) > 2. Therefore, K 3 {H) = 2. 

In addition to being a natural combinatorial measure, both the pendant tree-connectivity 
and the generalized connectivity can be motivated by its interesting interpretation in prac¬ 
tice. For example, suppose that G represents a network. If one considers to connect a pair 
of vertices of G, then a path is used to connect them. However, if one wants to connect a 
set S of vertices of G with |5| >3, then a tree has to be used to connect them. This kind of 
tree with minimum order for connecting a set of vertices is usually called a Steiner tree, and 


3 


popularly used in the physical design of VLSI (see [8l[9l[32]) and computer communication 
networks (see m- Usually, one wants to consider how tough a network can be, for the 
connection of a set of vertices. Then, the number of totally independent ways to connect 
them is a measure for this purpose. The generalized ^-connectivity can serve for measuring 
the capability of a network G to connect any k vertices in G. 

This paper is organized as follows. In Section 2, we study sharp bounds of pedant tree- 
connectivity. In Section 3, we obtain the exact value of a threshold graph, and give an upper 
bound of the pedant-tree ^-connectivity of a complete multipartite graph. For a connected 
graph G, we show that 0 < Tk{G) < n — k, and graphs with Tk{G) = n — k,n — k — l,n — k — 2 
are characterized in Section 4. By Fan Lemma, graphs with Tk{G) = 0 are characterized in 
Section 5. 

Let Q{n) denote the class of simple graphs of order n and Q{n,m) the subclass of Q{n) 
having m edges. Give a graph theoretic parameter f{G) and a positive integer n, the 
Nordhaus-Gaddum(N-G) Problem is to determine sharp bounds for: (1) f{G) + f{G) and 
(2) f{G) ■ f{G), as G ranges over the class G{n), and characterize the extremal graphs. The 
Nordhaus-Gaddum type relations have received wide investigations. Recently, Aouchiche 
and Hansen published a survey paper on this subject, see [T]. In Section 6, we study the 
Nordhaus-Gaddum problem for pedant tree-connectivity. 


2 Sharp bounds of pedant tree-connectivity 

In [lOj . Hager obtained the exact value of the pedant-tree ^-connectivity of a complete 
graph. 

Lemma 4 [TO] Let k, n be two integers with 3 < k < n, and let he a complete graph of 
order n. Then 

Tk{Kn) =n-k. 

Let 5 be a set of k vertices of a connected graph G, and let T be a set of internally 
disjoint pedant S-Steiner trees. Then the following observation is immediate. 

Observation 1 Let k,n he two integers with 3 < k < n. Let G be a connected graph of 
order n, and let S C V{G) with |5| = k. For each T €T, 

\E{T)nEG[S,S]\>k, 

where S = V{G) \ S. 

From the above result, we can derive an upper bound of fc-pedant tree-connectivity. 
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Theorem 1 For any graph G with order at least k, 

1 


rk{G) < 


mm 


\Eg[S,S]\ 


5cy(G),j5|=fe Ik 

where S C V{G) with IS"! = k, and S = V{G) \ S. Moreover, the bound is sharp. 


Proof. For any S C V{G) with l^l = k, it suffices to r{S) = \T\ < II-EgIS, S']]. From 
Observation (U for each tree T gT, we have 

|£(r)nEG[5,5]| > L 


Therefore, 


k\T\<\EG[S,S]\. 


Since |T| is an integer, we have 


t{S) 


\T\< [^|i?G[5,5]| 


From the arbitrariness of S, we have 


Tk{G) 


min t(S) 

SCV{G),\S\=k 


min |T| < min 
Scy(G),|S|=fc SCV{G),\S\=k 


1\Eg[S,S]\ 


To show the bound is sharp, we consider the graph G = Kn. From Lemma 01 we have 
Tk{G) = n — k. Thus \EKn[S, S']! = k{n — k) and hence ^\Ek„[S, S]| = n — k. Therefore, 


min 

5Cl/(G),|S|=fc 




= n-k = Tk{G). 


So the bound of this theorem is sharp. For k = 3, the graph H = Wn is a sharp ex¬ 
ample. As we know, TziyVn) = 1- Observe that the graph H = Wn is obtained from 
a cycle G = viV2 ■ ■ -Vn-iVi by adding a vertex Vn and the edges viVn (1 < * < n — 1 ). 
Choose S = {v 2 ,V 3 ,V 4 }. Then Eh[S,S] = {uiU 2 , U 2 Un, U 4 U„, U 4 U 5 } and hence we have 
11\Eh[S,S]\\ = 11-5\=1 = MH). I 


For any connected graph G of order n, from Lemma01 we have Tk{G) < Tk{Kn) = n — k. 
The following upper and lower bounds for Tk{G) can be easily seen. 

Proposition 1 Let k, n be two integers with 3 < k < n, and let G be a graph. Then 

0 < Tk{G) < n — k. 

For k = n, the following corollary is immediate. 

Corollary 1 Let G be a graph of order n. Then Tn{G) = 0 if and only if G is a graph of 
order n. 
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3 Pedant-tree connectivity of some special graphs 

In [To], Hager obtained the exact value of pedant tree-connectivity of a complete bipar¬ 
tite graph. 

Lemma 5 [T0| Let be a complete bipartite graph with r + s vertices. Then 
Tk{Kr^s) = max{min{r — A: -|- 1, s — A: -|- 1}, 0}. 

For complete multipartite graphs, we obtain the following result. 

Theorem 2 Let Kn^^n2,— ,nt be a complete t-partite graph with ni < n 2 < ■ ■ ■ < nt- 

(1) If k > t, then 

Tk{IIni,n2,--- ,nt) ^ 

(2) If k < t, then 

t 

Tk{IIni ,n2,---,nt) — ^ ^ 'kl'i 

i=k+l 

Moreover, the upper bounds are sharp. 


ULi nj-k 

2 


Proof. Set G = ,rif Let Vi, V 2 , ■ ■ ■ , 14 be the parts of complete f-partite graph G, 

and set | 14 | = n* (1 < f < t). 


(1) Suppose k > t. Choose S C V{G) and jS*! = k such that 5 fl Fj 7 ^ 0 
Observe that any pedant S'-Steiner tree must muse at least two vertices in S 
Therefore, 


Tk{G) < t{S) < 


2 


(1 < i < t). 
= V{G) \ S. 


( 2 ) Suppose k < t. Choose S C V{G) and IS”! = k such that S' 0 F 7 ^ 0 (1 < i < A;). 
Then S I\Vi = 0 {k + 1 < i < t). Observe that any pedant 5-Steiner tree must muse at 
least one vertex in S' = V{G) \ S'. Since ni < n 2 < • • • < n*, it follows that there are at 
most Ei=fc+i pedant 5-Steiner trees in G. Any other pedant S'-Steiner tree must use at 
least two vertices in S. Therefore, 

t 

Tk{G) < t(S') < ni + 

i=k+l 

The proof is now complete. I 


T!l=in,-k 
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To show the sharpness of the bound in Theorem [2l we consider the following example. 


Example 1: Let G = Kr^r,r be complete 3-part graph where r = ni = n 2 = n^. Suppose 
k = 3. From the above theorem, t^{G) < To show ts{G) > it suffices 

to prove that t{S) > for ^ ^ and liSj = 3. Let U = ^Ur}, 

V = {ui, U 2 , • • • , Vr} and W = {wi,W 2 , • • • , Wr} be the three parts of G. Suppose |5n[/| = 3 
or [S' n E| = 3 or [S' D 1T| = 3. Without loss of generality, let [S' fl C/| = 3. Then 
the trees Tj induced by the edges in {viUi,ViU 2 ,ViU^} {1 < i < r) and the trees Tj in¬ 
duced by the edges in {wjUi,WjU 2 ,WjUs} (1 < j < r) are 2 r > internally disjoint 

pedant 5-Steiner trees, which implies t{S) > desired. Suppose |5 n ?7| = 2 

or |5 n El = 2 or jS n 1T| = 2. Without loss of generality, let jS n C/| = 2. Then 
|S'nE| = 1 or |5nlT| = 1. Without loss of generality, let S = {ui,U 2 ,vi}. Then 
the trees Tj induced by the edges in {wiUi,WiU 2 ,WiU 3 } (1 < i < r) and the trees Tj 
induced by the edges in {vjUi,VjU 2 ,UjVi,UjVj} (3 < j < r) are r -|- in¬ 
ternally disjoint pedant S'-Steiner trees, and hence t{S) > , as desired. Suppose 

jS n ?7| = jS" n E| = |5 n W\ = l. Without loss of generality, let S = {ur,Vr,Wr}- Then 
the trees Tj induced by the edges in {viUr,UiVr,UiVi,WiWr,ViWr} and the trees T/ induced 
by the edges in {vi+iUr,Vi^i'Wr,Vi^iWi,WiVr} and the trees T" induced by the edges in 
{uj+iiCr, Uj+itCj+i, rCj+iUr, rCj+iUr} are internally disjoint pedant 5-Steiner trees, 

and hence t{S) > where i = 2£ — 1 and 1 < i < L^^J- From the above argument, 

ts{G) = which implies that the bound of (1) of Theorem[2]is sharp. For the bound 

of (2) of Theorem [2l one can check that the complete 4-partite graph Kr^r,r,r is a sharp 
example. 

A graph G is a threshold graph, if there exists a weight function w : V(G) —>■ R and a real 
constant t such that two vertices u,v (G) are adjacent if and only if w{u) + w{v) > t. 

The following observation is easy to make from the definition of a threshold graph. 

Observation 2 Let G{[n],E) be a threshold graph with a weight function w : V{G) —> R. 
Let the vertiees he labelled so that tc(l) > w{2) > • • • > w{n). Then 

(a) di > d 2 >■■■ > dn, where di is the degree of vertex i. 

(b) I = {i £ V{G) : di < i — 1} is a maximum independent set of G and G\L is a clique 
in G. 

(c) N{i) = {1, 2, • • • , di\ for every i £ L. Thus, the neighborhoods of vertices in I form 
a linear order under set inelusion. Furthermore, if G is connected, then every vertex in G 
is adjacent to 1 . 


7 












Now, we are in a position to give our result. 


Theorem 3 Let G be a threshold graph with 5{G) = Then 

r»(G) = I ‘ 

\ ^-k + l, if k<L 

Proof. Let Gr and In-r denote the clique and the maximum independent set of G, 
respectively. Set IL(C'r) = {ui, U 2 , • • • ,Ur} and V {In-r) = {vi,V 2 , • " ,Vn-r}- Since (5(G) = 
i, it follows that vjUi € E{G) for each Ui (1 < i and each Vj {1 < j < n — r). 

Suppose k > £ + 1. Choose S = {ui,U2,-" jUk-i,Vn-r}- Observe that Vn-rUi £ 
E{G) {1 < i < £) and Vn-rUi ^ E{G) {£ + 1 < i < r). Then any pedant S'-Steiner tree must 
occupy some edge Vn-rUj € E{G) {I < j < £)■ Since Uj £ S {1 < j < £), it follows that 
the degree of Uj in this tree is at least two, a contradiction. So Tk{G) < 0. Combining this 
with Proposition [H we have Tk{G) = 0. 

Suppose k < £. Choose S = {ui,U 2 ,--- ,Uk-i,Vn-r}- Note that Vn-rUi € E{G) (1 < 
i < £) and Vn-rUi ^ E{G) {£ + 1 < i < r). Then any pedant S'-Steiner tree T must occupy 
some edge Vn-rUj & E{G) (1 < j < £)■ If Vn-rUj € E{T) {1 < j < k — 1), then the degree 
of Uj in T is at least two, a contradiction. We now assume Vn-rUj € E{G) [k < j < £). 
Because a pedant S-Steiner tree must occupy at least one edge in {vn-rUj \ k < j < £}, wq 
have at most £ — k + 1 pedant S-Steiner trees in G, which implies Tk{G) < £ — k + 1. 

From the dehnition of Tk{G), it suffices to show that t(S) > .£ — A: -|- 1 for any S CV (G) 
and |S| = k. Suppose S C V{Gr). Set S = , rtj 2 , • • • From Lemma [H Tk{Gr) = 

r — k > £ — k, and hence there are £ — k pedant S-Steiner trees in G. These trees together 
with the tree induced by the edges in ^* 2 ^ 1 , • • • ,Ui^vi} are £ — k + l pedant S-Steiner 

trees in G, as desired. Suppose S C V{In-r)- Since UjVi^ G E{G) {1 < j < £,1 <t < k), it 
follows that the trees induced by the edges in {vi.^Uj,Vi.^Uj, • • • , Vi^Uj} are £ pedant S-Steiner 
trees in G, as desired. Suppose S D V{Gr) 7 ^ 0 and S PI V{In-r) 7 ^ 0- Set |S n V{Gr)\ = p 
and |S n V{In-r)\ = k — p. Clearly, 1 < p < A: — 1 and |S D - ,u^]\ < p. 

Then there exist at least £ — p vertices belonging to V{G) \ S. Choose £ — A: -|- 1 vertices 
from them, say , Ujj, • • • Set SnlL(Gr) = {rtq, Uij, •'' Without loss of 

generality, let S n V{In-r) = {vi,V 2 , ■ ■ ■ ,Uk-p}. Then the trees induced by the edges in 
- ■ ■ ,UipUj^}U{vlUj^,V 2 Uj^,■ ■ ■ ,Vk-pUj^} {1 <i < £-k+l) aie£-k+l pedant 
S-Steiner trees in G, as desired. From the above argument, we know that Tk{G) = £ — k + l. 


4 Graphs with large pedant tree-connectivity 

The graphs attaining the upper bound of Proposition [1] can be characterized now. 


8 


Theorem 4 Let k, n be two integers with 3 < k < n and n > 4, and let G be a connected 

graph. Then Tk{G) = n — k if and only if G is a complete graph of order n. 

Proof. Suppose Tk{G) = n — k. From Lemma [H we have S{G) > k + (n — k) — 1 = 
n — 1. So G is a complete graph of order n. Conversely, suppose G is a complete 
graph of order n. For any S C V{G) with |5| = k, we have |1^(G) \ S\ = n — k. Let 
S = {ui,U 2 , ■ ■ ■ ,Uk} and ^(G) \ S = {wi,W 2 ., ■ ■ ■ ,Wn-k}- Then the trees Tj induced by 
the edges in {wiUi.,WiU 2 ., ■ ■ ■ .,WiUk} {1 < k < n — k) are n — k internally disjoint pedant 

S'-Steiner tree, which implies that t{S) > n — k. From the arbitrariness of S, we have 

Tk{G) >n — k. Combining this with Proposition [H Tk{G) = n — k. I 

The graphs with Tk{G) = n — k — 1 can also be characterized in the following. 

Theorem 5 Let k, n be two integers with 3 < k < n and n > 7, and let G he a connected 
graph. Then Tk{G) = n — k — 1 if and only if G = rK 2 U (n — 2r)Ki [r = 1,2). 

Proof. Suppose Tk{G) = n—k—1. From Lemma[TJ we have 5(G) > k+{n—k—\) — \ = n—2. 
Therefore, G is a graph obtained from a complete graph of order n by deleting a matching 
M such that 0 < |M| < [|J. Then we have the following claim. 

Claim 1. 1 < \M\ < 2. 

Proof of Claim 1. Set \M\ = r. Then 1 < r < [^J. Assume r > 3. Without loss of 
generality, let M = {utWi | 1 < i < r}. Choose S = {ui,U 2 ,U 3 ,vi,V 2 , - ■ ■ ,Vk- 3 } C ^(G) 
where vi,V2,--- S 1^(G) \ {ui,U 2 ,U 3 ,wi,W 2 ,W 3 }. Thus UiWi ^ F;g[5', 5](1 <i<3), 

where S = 1^(G) \ S. From the definition of Tk{G), any pedant S'-Steiner tree must use at 
least one vertex of S. Observe that any pedant S'-Steiner tree containing vertex Wi {1 < i < 
3) must occupy at least two vertices of {wi,W 2 ,W 3 } since UiWi ^ £'g[‘S')' 5] (1 < i < 3). So 
wi,W 2 ,W 3 must belong to two pedant S-Steiner tree, say Ti,T 2 , which implies that these 
trees occupy at least four vertices of S = F(G) \ S. So there are at most n — k — 2 internally 
disjoint pedant S-Steiner trees, a contradiction. 

From Claim 1, we have 1 < |M| < 2, as desired. 

Conversely, suppose that G is a connected graph of order n satisfying the conditions of 
this theorem. It suffices to show rfc(G) > n — k — 1, where G = Kn\M and M is a matching 
of size 1 or 2. In fact, we only need to prove Tk{G) > n — k — 1, where G = \M and M is 

a matching of size 2. From the definition of Tk{G), it suffices to show that t{S) > n — k—1 
for any S C V{G) with IS"! = k. Since \M\ = 2, it follows that 0 < \M n Ek^IS, S']! <2. 

If |M n Ek„[S,S]\ = 2, then we set M = {uiVi,U 2 V 2 } and V{G) \ {ui,U 2 ,vi,V 2 } = 
{wi,W 2 ,--- ,Wn- 4 }- Without loss of generality, let S = {ui,U 2 ,wi,W 2 ,--- ,Wk- 2 }- Then 
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vi,V 2 € S. Then the trees Tj induced by the edges in {wjUi,'WjU 2 ,Wj'Wi,VjW 2 , • • • , WjUk- 2 } [k— 

1 < j < n—4) together with the tree Ti induced by the edges in {viU 2 ,viwi,viW 2 , • • • , vi'Wk- 2 , 
viV 2 ,V 2 Ui} form (n — 4) — (fe — 2) + l = ri — fe — 1 pedant 5-Steiner trees, which implies 
t{S) > n — k — 1. 

If |M n = 1, then we set uivi G M n and V{G) \ {ni,ni} = 

{wi,W 2 , ■ ■ ■ ,Wn- 2 }- Without loss of generality, let S = {ui,wi,W2, ■ " Then the 

trees Tj induced by the edges in {wjUi,WjWi,WjW 2 -,--- ,WjUk] {k < j < n — 2) form 
(n — 4) — (A: — l)+2 = n — A: — 1 pedant S-Steiner trees, and hence t{S) > n — k — 1. 

If |Mn£'i^„[5, 5]| = 0, then we let y (G) = {wi,W2, ■'' ,Wn}- Without loss of generality, 
let S = { 101 , 11 ) 2 , • • • , Wk}- Then the trees Tj induced by the edges in {wjWi,WjW 2 , ■ ■ ■ , WjWk{ {k+ 
1 < j < n— 4) together with the trees T induced by the edges in {w\Ui, W 2 Ui, • • • , WkUi} (1 < 
i < 2) and the trees Tj induced by the edges in {wiVj,W 2 Vj, - ■ ■ ,WkVj'\ (1 < i < 2) form 
(n — 4) — A: + 2 + 2 = n — A: pedant S-Steiner trees, which implies that t{S) > n — k. 

From the above argument, we conclude that for any S C V{G) with |5| = k, t{S) > 
n — k — 1. From the arbitrariness of S, we have T};{G) > n — k — 1. Combining this with 
Theorem m Tk{G) = n — k — 1. I 

For k = 3, graphs with Tk{G) = n — k — 2 are characterized in the following lemma, 
which is preparation of Theorem [6j 

Lemma 6 Let G be a connected graph of order n. 

(1) For k = 3, Tk{G) = n — k — 2 if and only if G is a subgraph of one of the following 
graphs. 

• GiUGjU{n-i- j)Ki {i = 3,4, j = 3,4); 

.GiULVJ^2 (i = 3,4); 

• TsUL^Ji^s; 

• GiU{n — i)Ki (i = 5,6,7). 

(2) For k = A, Tk{G) = n — k — 2 if and only if G is a subgraph of one of the following 
graphs. 

• GiUGjL}{n-i- j)Ki {i = 3,4, j = 3,4); 

.auLVJ^2 (i = 3,4); 

• G5UT:2U(n-7)T:i; 
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Ci'J{n — i)Ki (z = 6,7). 


Proof. Suppose Tk{G) = n — k — 2 {k = 3, A). We first give the proof of the following claim. 
Claim 1. For any S C V{G) and |5| = k, if |iV(5(5)| > 5, then Tk{G) < n — k — 3. 

Proof of Claim 1: Assume, to the contrary, that Tk{G) > n — k — 2. Choose five vertices 
in Nq{S), say wi,W 2 ,W 3 ,W 4 ,'W 5 . Observe that any pedant (S-Steiner tree containing each 
vertex tc* (1 < f < 5) must occupy at least two vertices of S. Another fact is that from 
the definition of Tk{G), any pedant 5-Steiner tree must use at least one vertex of S. So 
the total number of the internally disjoint pedant S-Steiner trees is at most n — k — 3, as 
desired. I 

Let Hi = P 3 U P 3 U K 2 and H 2 = P 5 U P 3 . From Claim 1, for k = 3, G contains neither 
Hi and nor H 2 as its subgraph. Let H^, = ^ 30^30 K 2 U Ki and 7/4 = ^ 50 ^ 30 Ki. From 
Claim 1 , for k = A, G contains neither H^ and nor iL 4 as its subgraph. Furthermore, we 
have the facts as follows. 

• G contains at most two cycles. 

• G contains at most two paths of order at least 3. 

• if G contains a cycle, then the order of this cycle is a most 7. 

• if G contains a path of order at least 3, then the order of this path is a most 7. 

We distinguish the following cases to show this lemma. Firstly, we suppose that exactly 
two components of G are a union of two cycles, or two paths of order at least 3, or one 
is a cycle and the other is a path of order at least 3. Consider the case that G contains 
exactly two cycles. Since G does not contain H 2 as it subgraph, it follows that the order 
of each cycle in G is at most 4, and each of other components is a isolated vertex except 
these cycles. Therefore, 

G = Gj U Gj U (n — z — j)Ki, 

where f = 3,4 and j = 3,4. Consider the case that G contains exactly two paths of order at 
least 3. Since G does not contain H 2 as it subgraph, it follows that the order of each path 
in G is at most 4, and each of other components is a isolated vertex except these paths. 
Therefore, 

G = Pj U Pj U (n - z - j)Ki , 

where z = 3,4 and j = 3,4. Consider the case that G contains a cycle and a path of order 
at least 3. Since G does not contain H 2 as it subgraph, it follows that the order of this 
cycle in G is at most 4 and the order of this path in G is at most 4. Observe that each of 
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other components is a isolated vertex except these paths. Therefore, 

G = Ci U Pj U {n — i — j)Ki, 

where i = 3,4 and j = 3,4. From the above argument, we know that G is a subgraph of 
CiUCjL>{n — i — j)Ki [i = 3,4, j = 3,4), as desired. 

Next, we suppose that G contains exactly one cycle or one path of order at least 3. Since 
G does not contain Hi as it subgraph, if G contains exactly one cycle, then the order of the 
unique cycle is at most 7. Furthermore, if the order of the unique cycle is 6 or 7, then each 
of other components is a isolated vertex except this path. Therefore, G = Gj U (n — 
where i = 6 , 7. Similarly, if the order of the unique path is 6 or 7, then each of other 
components is a isolated vertex except this cycle. Therefore, G = Pj U (n — i)Ki, where 
i = 6 , 7. Hence, G is a subgraph of Gj U (n — i)Ki {i = 6 , 7). 

For k = 3, we suppose the order of the unique cycle G is 5. Let G = V 1 V 2 V 3 V 4 V 5 V 1 . If 
there is an independent edge W 1 W 2 in G, then we choose S = {ui,U 3 ,rci}. Observe that 
any pedant S'-Steiner tree occupy at least one vertex in 5 = H(G) \ S. Thus there are 
at most n — 7 pedant S'-Steiner trees by the vertices in V{G) \ {vi,V 2 ,vs,vi,v^,wi,'W 2 }- 
If there is no pedant S-Steiner tree containing W 2 , then any pedant S-Steiner tree must 
occupy three vertices in V (G) \ S, and hence there are at most n — 6 pedant S-Steiner trees 
in G, a contradiction. Suppose that there exists a pedant S-Steiner tree containing W 2 , say 
T. Then the tree T must occupy at most one vertex in V (C) \ S. Observe that there is no 
other pedant S-Steiner trees, and hence there are at most n — 6 pedant S-Steiner trees in 
G, also a contradiction. So each of other components is a isolated vertex except this cycle. 
Therefore, G is a subgraph of G 5 U (n — 5)Ki. From the above argument, we know that G 
is a subgraph of Gj U (i = 3,4) or Cj U (n — j)Ki (j = 5, 6 , 7) or P 5 U L^^J-^ 2 - 

For A; = 4, we suppose the order of the unique path P is 5. Let P = U 1 U 2 U 3 U 4 U 5 . If there 
are two independent edges W 1 W 2 and W 3 W 4 in G, then we choose S = {tci, rcs, U 2 , U 4 }. Then 
|-Ng(S)| > 5. From Claim I, r 4 (G) < n — 7, a contradiction. So there exists at most one 
nontrivial component in G except this cycle. Therefore, G is a subgraph of G5 U K 2 U (n — 
7)iLi. From the above argument, we know that G is a subgraph of Gj U {i = 3,4) 

or Cj U (n — j)Ki (j = 6 , 7) or U K 2 U (n — 7)Ki. 

In the end, we suppose that G contains no cycle and no path of order at least 3. 
Therefore, G is a subgraph of [§JP 2 , and hence G is a subgraph of G 4 U L^^^J-^ 2 ) as 
desired. 

Conversely, suppose that G is a subgraph of the graphs in this lemma. For A: = 3, it 
suffices to show that T 3 {G) = n — 5. In fact, we only need to show that T 3 (G) = n — 5 for 

• G = Gj U Gj U (n - i - j)Ki {i = 3,4, j = 3,4); 
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. G = CiU LVJ^2 (i = 3,4); 

. G = P 5 U L^JK2; 

• G = CiU {n — i)Ki [i = 5, 6, 7). 

Suppose G = (74 U 6*4 U (n — Let C = U1U2U3U4U1 and C = U1U2U3U4U1 be the 

cycles in G. It suffices to show that t{S) > n — 5 for any S C 17 (G) and | 5 | = 3 . Set 
S = {x, y, z}, R = {ui I 1 < i < 4 } U {uj I 1 < i < 4 } and V (G) \ R = {wi,W2, • • • , Wns}- If 
[S' n ii| = 0 , then the trees T' (1 < i < 4 ) induced by the edges in {xui,yui, zui}, the trees 
Tl' {1 < i < 4 ) induced by the edges in {xvi,yvi, zvi} and the trees Tj induced by the edges 
in {xwj,ywj, zwj} are n —3 pedant S-Steiner trees where wj £ {7x1,102, • • • , iUn- 8 }\{x, y, z}, 
as desired. Suppose jS” n ii| = 1. Without loss of generality, let z = U4. Then the tree T2 
induced by the edges in {xu2,yu2, ZU2}, the trees T" (1 < i < 4 ) induced by the edges in 
{xvi,yvi, zvi} and the trees Tj induced by the edges in {x7Xj,y7Vj,z7Vj} are n — 5 pedant 
S'-Steiner trees where tvj G {1x1,102, ■ ■ ■ ,rcn_8} \ {x,y}, as desired. Suppose jS* n i 7 | = 2 
and jS* n 17 (G)I = 2. Without loss of generality, let y = U2 and z = U4. Then the trees 
T/ (1 < i < 4 ) induced by the edges in {xvi,yvi, zvi] and the trees Tj induced by the edges 
in {x 7 Xj,y 7 Xj,ziXj{ are n —5 pedant S'-Steiner trees where iXj G {101,7x2, ■ ■ ■ ,u;n- 8 }\{ 3 ;}) as 
desired. Suppose |Sni?| = 2 and |Sn 17 (G)| = |Snl 7 (G')| = 1. Without loss of generality, 
let y = U4 and z = V4. Then the trees T{ induced by the edges in {xui,yv3,V3Ui,uiz}, 
the trees T2 (1 < z < 4 ) induced by the edges in {xvi,yvi,U3Vi,U3z} and the trees Tj 
induced by the edges in {x7Xj,y7Xj, ziXj} are n — 5 pedant S-Steiner trees where iXj G 
{7x1,7x2, ■ ■ ■ , zun-s} \ {x}, as desired. Suppose |S n ii| = 3 and |S fl 17 (G)| = 3 . Then the 
trees T/ (1 < i < 4 ) induced by the edges in {xvi,yvi, zvi} and the trees Tj induced by the 
edges in {x 7 Xj,y 7 Xj, ziXj} are n — 4 pedant S-Steiner trees where iXj G { 7 Xi, 7 X 2 , ■ ■ ■ , zcn-sli 
as desired. Suppose |S'nii| = 3 and \S nI 7 (G)| = 2. Without loss of generality, let x = U2, 
y = U4 and z = V4. Then the tree T{ induced by the edges in {xv3,yv3,V3U3, u^z}, the tree 
T2 induced by the edges in {xvi,yvi,uivi,uiz} and the trees Tj induced by the edges in 
{x 7 Xj,y 7 Xj, z 7 Xj} are n —4 pedant 5 -Steiner trees where iXj G { 7 Xi, 7 X 2 , ■ ■ ■ , iXn-r}, as desired. 

Suppose G = G 7 U (n — 7)Ki. Let G = U 1 U 2 ■ ■ ■ ujui be the cycle in G. It suffices to 
show that t{S) > n —5 for any S CV (G) and IS”! = 3. Set S = {x, y, z} and 17 (G) \ 17(G) = 
{ 7 x 1 , 7 x 2 , ■ ■ ■ ,70n-7}- If |5nl7(G)| = 0 , then the trees T/ (I < i < 7) induced by the edges in 
{xui,yui, zui} and the trees Tj induced by the edges in {x7Xj,y7Xj, ziXj} are n — 3 pedant S'- 
Steiner trees where iXj G { 701 , 7 x 2 , ■ ■ ■ , zcn-y} \ {x, y, z}, as desired. Suppose | S' fl 17(G) | = 1. 
Without loss of generality, let z = uj. Then the trees T/ (2 < i < 5) induced by the edges in 
{xui,yui, zui} and the trees Tj induced by the edges in {x7Xj,y7Xj, ziXj} are n — 5 pedant S- 
Steiner trees where iXj G { 701 , 7 x 2 , ■ ■ ■ ,70n-7}\{x,y}, as desired. Suppose that |S'nl7(G)| = 
3 . We only need to consider the cases {x,y,z} = {ui,U 2 ,U 3 }, {x,y,z} = {ui,U 2 ,U 4 }, 
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{x, y, z} = {uijU^jU^} and {x, y, z} = {ui,U2,U5}- If {x, y, z} = {ui, n2, ws}, then the trees 
T/ (z = 5 ,6) induced by the edges in {xui, yui, zui} and the trees Tj induced by the edges in 
{xwjjywj, zwj} are n —5 pedant 5 -Steiner trees where Wj G {wi,W2, • • • , Wn-r}, as desired. 
If {x, y, z} = {ui,U2,U4}, then the tree T[ induced by the edges in {xuQ,yuQ, zuq}, the tree 
T2 induced by the edges in {U2U7, u^uj, U5U7, uiu^} and the trees Tj induced by the edges in 
{xwjjywj, zwj} are n —5 pedant 5 -Steiner trees where Wj G {wi,W2, ■ ■ ■ , Wn-r}, as desired. 
If {x, y, z} = {ui,U3,U5}, then the tree induced by the edges in {U1U4, U4U7, U3U7, U7U5}, the 
tree induced by the edges in {uiUe,U2Ue, U3U6,U2U5} and the trees Tj induced by the edges in 
{xwj,ywj,zwj} are n —5 pedant 5 -Steiner trees where Wj G {wi,W2, • • • , 'Wn-7}, as desired. 
If {x,y,z} = {ui,U2,U5}, then the trees induced by the edges in {uiUq,U2Uq,U3Ug,U3U5}, 
the tree induced by the edges in {tt2rt4, U4U7, U7tt5} and the trees Tj induced by the 
edges in {xwj,ywj, zwj} are n —5 pedant S'-Steiner trees where Wj G {wi,W2, • • • , Wn-r}, as 
desired. Suppose | 5 ny(C')| =2. We only need to consider the cases {x, y, z} = {rci, rxs, 7x4}, 
{x,y,z} = {wi,U2,U4} and {x,y,z} = {rci,tt2,tts}. If {x,y,z} = {tci,U2,U3}, then the 
trees T/ (x = 1 ,6, 7 ) induced by the edges in {xui, yui, zui} and the trees Tj induced by the 
edges in {xwj,ywj, zwj} are n — 5 pedant 5 -Steiner trees where Wj G {w2,W3, • • • , Wn-7}, 
as desired. If {x,y,z} = {rci,rt2,U4}, then the trees T/ (x = 6 , 7 ) induced by the edges 
in {xui,yui, zui}, the tree T" induced by the edges in {xrti, rtirts, yu4,2Ui} and the trees 
Tj induced by the edges in {xwj,ywj,zwj} are n — 5 pedant 5 -Steiner trees where Wj G 
{w2,W3, ■ ■ ■ ,Wn-7}, as desired. If {x,y,z} = {wi,U2,U5}, then the tree T{ induced by the 
edges in {xu7, yu7, ZU7}, the tree induced by the edges in {wiU4,uiU4,U2U4,uiU5}, the 
tree T3 induced by the edges in {wiU3,U3U5,U3Uq,U2Uq} and the trees Tj induced by the 
edges in {xwj^ywj, zwj} are n — 5 pedant 5 -Steiner trees where Wj G {w2,W3, • • • , Wn-7}, 
as desired. 

Suppose G = P 5 U Let P = U 1 U 2 U 3 U 4 U 7 , be the unique path in G. It suffices 

to show that t{S) > n — 5 for any S C V{G) and IS"! = 3. Set S = {x,y, 2 :} and 
V(G) \ V(P) = {wi,W 2 , • • • , Wn-b}- Note that C 7 U is a subgraph of G. Suppose 

that IS n V{P)\ = 3 or |S fl V{P)\ = 2. Recall that we have checked that there are 
n — 5 pedant S-Steiner trees in the complement of G 7 U (n — 7)Ki. In fact, one can check 
that if |S n V{P)\ = 3 or |S n V{P)\ = 2, then there are n — 5 pedant S-Steiner trees 
in the complement of G 7 U 5 and hence there are n — 5 pedant S-Steiner trees 

in the complement of G. We now assume that |S n V{P^)\ = 1 or |S fl R(R)| = 0. If 
|S n V{P)\ = 0, then the trees T/ (1 < x < 5) induced by the edges in {xui,yui,zui} 
and the trees Tj induced by the edges in {xwj, ywj, zwj} are n — 4 pedant S-Steiner trees 
where Wj G {wi^W 2 , • • • , rCn-s} \ {x, y, z, rci} where wi is a vertex adjacent to x in G, as 
desired. Suppose |S n V{P)\ = 1. Without loss of generality, let z G V{P) and x,y G 
V{G) \ V{P). If xy G E{G), then one can check that there are n — 5 pedant S-Steiner 
trees in G since G 7 U [^^J7L2 is a subgraph of G. We may assume xy ^ E{G). Without 
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loss of generality, let x = wi, y = wiW 2 G E{G) and w^Wi G E{G). \t z = ui, then 
the trees T/ (3 < i < 5) induced by the edges in {xui,yui, zui}, the tree induced by the 
edges in {uiW 2 ,W 2 W 4 ,wiWi,W 2 W 3 } and the trees Tj (5 < i < n — 5) induced by the edges 
in {x'Wj,ywj, zwj} are n — 5 pedant (S-Steiner trees, as desired, li z = U 2 , then the trees 
Tl (4 < i < 5) induced by the edges in {xui,yui, zui}, the tree induced by the edges 
in {u 2 Wi,V 3 Wi,U 3 W 3 ,V 3 Wi}, the tree induced by the edges in {u 2 W 2 ,ui'W 2 ,W 2 W 3 ,uiWi} 
and the trees Tj {5 < i < n — 5) induced by the edges in {xwj,ywj, zwj} are n — 5 
pedant S'-Steiner trees, as desired. If 2 : = U 3 , then the trees T/ (z = 1,5) induced by the 
edges in {xui, yui, zui}, the tree induced by the edges in wau^}-, the tree 

induced by the edges in {u 2 Wi,W 2 U 2 -, u^W 2 -,W 2 W^} and the trees Tj induced by the edges in 
{xwj,ywj,zwj} are n — 5 pedant S'-Steiner trees, as desired. 

For other cases, one can also check that t{S) > n — 5 for any S C V{G) and |5| = 3. 
Therefore, T 3 {G) > n — 5. Prom Theorem [5l we have T 3 (G) = n — 5. 

For A; = 4, it suffices to show that T 4 ,{G) = n — 6 . In fact, we only need to show that 
T 4 {G) = n — 6 for 

• G = CiUCjU {n - i - j)Ki (z = 3,4, j = 3,4); 

. G = CiU LVJ ^2 (i = 3,4); 

. G = P5UK2U{n-l)Ki; 

• G = CiU {n — i)Ki (z = 5, 6 , 7). 

Suppose G = C 4 UC 4 U(rz— 8 ) 7 ^ 1 . Let G = Uizz 2 zz 3 zz 4 zzi and C = viV 2 V^V 4 ,vi be the cycles 
in G. It suffices to show that r(S) > n —6 for any SCI/ (G) and [S’! =4. Set S = {x, y, z, r}, 
R = {ui I 1 < z < 4} U {uj 11 < z < 4} and V(G) \ R = {wi,W 2 , ■ ■ ■ , Wns}- If jS” fl i?| = 0, 
then the trees T' (1 < z < 4) induced by the edges in {xui,yui, zUi, rui}, the trees T" (1 < 
z < 4) induced by the edges in {xvi,yvi, zvi,rvi} and the trees Tj induced by the edges 
in {xwj,ywj, zwj,rwj} are n — 4 pedant 5-Steiner trees where Wj G {wi,W2-, • • • , Wn-s} \ 
{x, y, z, r}, as desired. Suppose |5ni?| = 1. Without loss of generality, let r = V 3 . Then the 
tree T' induced by the edges in {xvi,yvi, zui, rui}, the trees Tf (1 < z < 4) induced by the 
edges in {xui,yui, zui, zui} and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} 
are n — 6 pedant 5-Steiner trees where Wj G {wi,W2,--- ,Wn- 8 } \ {x,y,z}, as desired. 
Suppose [S' n i?| = 2 and \S fl V{G')\ = 2. Without loss of generality, let r = vi and 
2 ; = v^. Then the trees T' (1 < z < 4) induced by the edges in {xui,yui, zui,rui} and 
the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 6 pedant 5-Steiner trees 
where Wj G {'u;i,zi> 2 , • • • ,Wn- 8 } \ {x,y}, as desired. Suppose |5n i2| = 2 and |5 n V{G)\ = 
\S n V{G')\ = 1 . Without loss of generality, let r = ui and 2 ; = v^- Then the tree 
r{ induced by the edges in {xu2-,yu2-,V2U2-,U2Z,V2r}, the tree induced by the edges in 


15 


{xv 4 :,yvi,rv 4 :,UiVi,U 4 z}, the tree Tg induced by the edges in {xvi,yvi, zvi,rvi}, the tree 
T 4 induced by the edges in {xu 3 ,yu 3 , zu 3 ,ru 3 } and the trees Tj induced by the edges in 
{xwj,y'Wj, zwj,rwj} are n —6 pedant iS-Steiner trees where Wj G {wi,W 2 , • • • , Wn- 8 }\{x, y}, 
as desired. Suppose [S' H i2| = 3 and \S H V{C)\ = 3. Without loss of generality, let 
iS'ny(C') = {y, z, r}. Then the trees T' (1 < i < 4) induced by the edges in {xvi, yvi, zvi, rvi} 
and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 6 pedant S-Steiner 
trees where Wj € {wi, W 2 , ■ ■ ■ ,Wn- 8 } \ { 2 :}, as desired. Suppose |5 n i?| =3 and \S H 
14(C)I = 2. Without loss of generality, let r = V 4 , y = U3 and z = U4. Then the trees 
T[ induced by the edges in {xv 3 ,yv 3 , zv 3 ,V 3 U 2 ,U 2 r}, the trees T 2 induced by the edges in 
{xui,yui,uir,uivi,viz} and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are 
n — 6 pedant 5-Steiner trees where Wj € {wi,W 2 -, ■ ■ ■ ,Wn- 8 } \ { 2 ;}, as desired. Suppose 
15 n i2| =4 and |5 n 14(C) | = 4. Without loss of generality, let S fl 14(C) = {x,y,z,r}. 
Then the trees T)' (1 < z < 4) induced by the edges in {xvi,yvi, zvi,rvi} and the trees 
Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 6 pedant 5-Steiner trees where 
Wj G {wi,W 2 ,-'' j'a’n-s}) as desired. Suppose |5 fl i?| = 4 and |5nl4(C)| = 3. Without 
loss of generality, let S fl 14(C) = {x,y,z}. Then the tree T{ induced by the edges in 
{xv2,yv2, zv2,rv2}, the tree T 2 induced by the edges in {xvi,yvi, zvi,uivi,rui} and the 
trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n —6 pedant 5-Steiner trees where 
Wj G {wi,W 2 -, ■ ■ ■ ,Wn- 8 }i as desired. Suppose |5ni2| = 4 and |5nl4(C)| = 2. Without loss 
of generality, let x = U2, y = U4, z = V2 and r = V4. Then the trees T{ induced by the edges 
in {xvi,yvi,viU3, zu3,U3r}, the trees T 2 induced by the edges in {xv3,yv3,uiV3,uir,uiz} 
and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 6 pedant 5-Steiner 
trees where Wj G {wi,W 2 , ■ ■ ■ ,Wn- 8 }, as desired. 

Suppose G = CY{J{n — 7)Ki. Let C = U 1 U 2 ■ ■ ■ ujui be the cycle in G. It suffices to show 
that r(5) > n — 6 for any S C V (G) and |5| = 4. Set S = {x, y, z, r} and 14(G) \ 14(C) = 
{wi,W 2 , • • • , Wn-r}- If |5nl4(C)| = 0, then the trees T/ (1 < i < 7) induced by the edges in 
{xui,yui, zui, rui} and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 4 
pedant 5-Steiner trees where Wj G {wi,W 2 -, • • • , rc„_ 7 }\{x, y, z, r}, as desired. Suppose |5n 
14(C) I = 1. Without loss of generality, let z = ui. Then the trees T/ (3 < z < 6 ) induced by 
the edges in {xzzj, yzz,, zui, rui} and the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} 
are n — 6 pedant 5-Steiner trees where Wj G {wi,W 2 ,- " \ {x,y,z}, as desired. 

Suppose \S n 14(C)I = 2. Without loss of generality, let z = ui and r = U 4 . Then the 
tree T{ induced by the edges in {xuQ,yuQ, zuQ,ruQ}, the tree T 2 induced by the edges in 
{xu 3 , yu 3 , ZU 3 , ZZ 3 ZZ 7 , rzt 7 }, the tree Tg induced by the edges in {xu 2 ,yu 2 ,ru 2 , U 2 U 5 , zu^} and 
the trees Tj induced by the edges in {xwj,ywj, zwj,rwj} are n — 6 pedant 5-Steiner trees 
where Wj G {w 2 ,W 3 , • • • , Wn- 7 } \ {x, y}, as desired. Suppose that |5 fl 14(C)| = 3. Without 
loss of generality, let y = ui, z = U 4 and r = uq. Then the tree T' induced by the edges in 
{xzzs, yzzs, ZZ 5 ZZ 2 , zu 2 ,ru 2 }, the tree T" induced by the edges in {xu 3 ,yu 3 , zuj, U 3 U 7 , rzzs} and 
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the trees Tj induced by the edges in {xwj^ywj, zwj,rwj} are n — 6 pedant S-Steiner trees 
where rcj € {w 2 -,w^, - ■ ■ , tCn-7}\{a;}, as desired. Suppose that |5ny(C')| =4. Without loss 
of generality, let x = tti, y = tts, z = tts and r = uj. Then the tree T' induced by the edges 
in {xuQ,yuQ,u^U 2 -, zu 2 -iru 2 } and the trees Tj induced by the edges in {x'Wj,ywj, zwj,r'Wj} 
are n — 6 pedant S'-Steiner trees where Wj G {rr’2, • • • , Wn- 7 }-, as desired. 

For other cases, one can also check that t{S) > n — 6 for any S C V{G) and |S| = 4. 
Therefore, t^{G) > n — 6. Prom Theorem [5l we have T4(G) = n — 6 . I 

For 3 < k < n, graphs with Tk{G) = n — k — 2 can also be characterized in the following. 

Theorem 6 Let k, n be two integers with 3 < k < n and n > 15, and let G be a connected 
graph. 

(1) For 5 < k < n, Tk{G) = n — k — 2 if and only if G = P 3 U {n — 3)Ki or G satisfies 
all the following conditions. 

• 1 < A{G) < 2; 

• e(( 5 ) > 3 ; 

• for any R C V{G) with \Eq[w, .R]| > 1 where w G R and R = V{G) \ R, the size of R 
is at most 4. 

(2) For k = 3, Tk{G) = n — k — 2 if and only if G is a subgraph of one of the following 
graphs. 


• GiUGj\J{n-i- j)Ki {i = 3,4, j = 3,4); 

• (i = 3,4); 

• P5^[^\K2; 

• GiU{n — i)Ki (i = 5,6,7). 

(3) For k = A, Tk{G) = n — k — 2 if and only if G is a subgraph of one of the following 
graphs. 


• GiUGjU{n-i- j)Ki {i = 3,4, j = 3,4); 
. auLVJ ^2 (i = 3,4); 

• C5Uii:2U(n-7)ii:i; 

• Cj U (n — i)Ki {i = 6,7). 
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Proof. From Lemma [U the conclusion is true for the case k = 3,4. We now assume 
5 < k < n. Suppose Tk{G) = n — k — 2. If e{G) = 2, then G = P3 U (n — 2>)Ki by Theorem 
[5l Conversely, we suppose G = P3 U (n — 3)iLi. One can check that there exist n — k — 2 
pedant S'-Steiner tree in G for any S C V{G) and IS"! = k. Then Tk{G) > n — k — 2. From 
Theorem [5l we have Tk{G) = n — k — 2. 

From now on, we assume e(G) > 3. Suppose Tk{G) = n — k — 2. From Lemma [T] we 
have (5(G) >A: + (n — A: — 2) — l = n — 3. Therefore, A(G) = n — 1 — (5(G) < 2. Combining 
this with Theorems m and m we have 1 < A(G) < 2. Since e(G) > 3, it follows that each 
component of G is a path or a cycle (Note that an isolated vertex can be seen a path of 
order 1). From Lemma [6l the result is true for k = 3,4. For 5 < k < n, we have the 
following claim. 

Claim 1. For any R C V{G) with \Eq[w,R]\ > 1 where w ^ R and R = I^(G) \ R, 
\R\<A. 

Proof of Claim 1. Assume, to the contrary, that |i?| = 5. Set R = {wi 11 < * < 5}, 
and let U be the vertex set such that \EQ[wi,U]\ > 1 and |?7| < 5. Choose S C 1^(G) \ R 
and |5| = k such that S contains the vertex set U. Let S = {ui,U 2 ,--- ,Uk} and S = 
V (G) \ S = { 11 ) 1 , 102 , ■ ■ ■ , Wn-k}- Note that \EQ[wi, R]\ > 1 for any Wi {1 < i < 5). Observe 
that any pedant S'-Steiner tree containing each vertex Wi {1 < i < 5) must occupy at least 
two vertices of S. Another fact is that from the definition of rfc(G), any pedant S-Steiner 
tree must use at least one vertex of S. So the total number of the internally disjoint pedant 
S-Steiner trees is at most 2 + (n — A: — 5) = n — k — 3, a contradiction. So |ii| < 4 for 
5 < k < n. 

Conversely, suppose G satisfies the condition of this theorem for 5 < k < n. It is 
clear that we only need to prove that Tk{G) > n — k — 2 where G = \ Af such that 

1 < A(G) < 2 and for any R C V{G) with \Eq[w,R]\ > 1 where w £ R and R = V{G) \R, 
the size of R is exactly 4. Set R = {wi | 1 < i < 4}. From the dehnition of Tk{G), it 
suffices to show that t{S) > n — A: — 2 for any S C V{G) with jS*! = k. Since \R\ = 4, 
we can assume wjUi G E{G) for any 1 < i < A: and 5 < j < n — k. Then the trees Tj 
induced by the edges in {ujUi,UjU 2 , ■ ■ ■ ,UjUk} {5 < j < n — k) form n — k — A pedant 
S'-Steiner trees. Recall that for any R C V{G) with |S(5[rc,R]| > 1 where w £ R and 
R = V(G) \ R, |i?| < 4. Therefore, there are at most four vertices in S, without loss 
of generality, say ui,U 2 ,U 3 ,U 4 such that \EQ[ui,R\\ > 1 for any Ui {1 < i < 4). Then 
WjUi £ E[G) for any 4 < f < A; and 1 < j < 4. Since 1 < A(G) < 2, it follows 
that we may assume that dQ{wj) = 2 for 1 < j < A. Without loss of generality, let 
wiUi,wiU 2 £ M. Since A(G) < 2, it follows that there exists a vertex in { 112 , 103 , 11 ) 4 }, 
say 104 , such that W 4 U 1 ^ M and W 4 U 2 ^ M. Furthermore, W 4 U 1 G E{G), W 4 U 2 £ E{G) 
and hence the trees Ti induced by the edges in {w 4 Ui,W 4 U 2 ,W 4 Wi,wiU 3 - ■ ■ ,wiUk} is a 
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pedant 5-Steiner tree. Since A(G') < 2, we only need to consider the case uiW 2 ,U 2 W 3 € M 
and the case ui'W 2 ,U 2 W 2 G M. For the former case, the trees T 2 induced by the edges 
in {w^ui,W 2 W'i,W 2 U 2 ■ ■ ■ ■,W 2 Uk] is a pedant /S-Steiner tree. For the latter case, the trees 
T 2 induced by the edges in {w 3 Ui,W 3 U 2 ,W 2 W 3 ,'W 3 U 3 ■ ■ ■ ,'W 2 Uk} is a pedant S'-Steiner tree. 
Therefore, the trees Ti,T 2 together with the trees T^, - ■ ■ , T^-k are n — k — 2 internally dis¬ 
joint pedant S'-Steiner trees. From the above argument, we conclude that for any S C V{G) 
with |S| = k, t{S) > n — k — 2. From the arbitrariness of S, we have Tk{G) > n — k — 2. 
Combining this with Theorem [5l Tk{G) = n — k — 2. I 

If /c = n — 1, then 0 < r„_i(G) < 1 by Proposition [TJ 

Corollary 2 Let G be a connected graph of order n. Then 

(1) Tn-i{G) = 1 if and only if G is a complete graph of order n. 

(2) Tn-i{G) = 0 i/ and only if G is not a complete graph of order n. 

If A: = n — 2, then 0 < r„_2(G) < 2 by Proposition [TJ 

Corollary 3 Let G be a connected graph of order n. Then 

(1) Tn- 2 {G) = 2 if and only if G is a complete graph of order n. 

(2) Tn- 2 {G) = I if and only if G = Kn \ M and 1 < |M| < 2, where M is a matching 

of Kn for n>7. 

(3) Tn- 2 (G) = 0 if and only if G is one of the other graphs. 

5 Graphs with small pedant tree-connectivity 

Given a vertex x and a set U of vertices, an (x, U)-fan is a set of paths from x to U 
such that any two of them share only the vertex x. The size of an (x, t/)-fan is the number 
of internally disjoint paths from x to U. 

Lemma 7 (Fan Lemma, |34] . p-170) A graph is k-connected if and only if it has at least 
k + 1 vertices and, for every choice of x, U with \U\ > k, it has an {x,U)-fan of size k. 

We now turn our attention to characterize graphs with Tk{G) = 0. 

Theorem 7 Let k,n be two integers with 3 < k < n. Let G be a connected graph of order 
n. Then Tk{G) = 0 if and only if G satisfies one of the following conditions. 

(1) 0 < k{G) <k-2; 
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(2) k{G) = 6{G) = k-l; 

(3) n{G) = k — 1, 6{G) > k, and there exists a vertex subset S ofV{G) with [S’! = k such 
that for any S' Ci S with |S"| = k — 1, for any vertex x € V{Gi) \ S, and any {x, S')-fan, ui 
is an internal vertex of some path belonging to this {x, S')-fan, where Gi is the connected 
component of G\ S' containing ui. 

Proof. Suppose Tk{G) =0. li k = n, then Tn{G) = 0 if and only if G is a connected 
graph by Corollary [H which implies that Tn{G) = 0 if and only if 0 < k{G) < n — 2 or 
k{G) = 6{G) = n — 1, as desired. We now assume 3 < k < n — 1. Then we have the 
following claim. 

Claim 1. k{G) < k — 1. 

Proof of Claim 1. Assume, to the contrary, that k{G) > k. For any S C V{G) and 
IS"! = k, there is a vertex x € V{G) \ S since 3 < k < n — 1. Let S = {ui,U2,-" ,Uk}. 
Since k{G) > k, it follows from Lemma [7] that there exists an (x, S')-fan of size k in G. Let 
Pi, P 2 , - ■ ■ , Pfc be the k internally disjoint paths of this (x, S')-fan. Then the tree T induced 
by the edges in E{Pi) U E{P 2 ) U • • • U E{Pk) is a pedant S'-Steiner tree, which implies that 
^{3) > 1. From the arbitrariness of S, we have Tk{G) > 1, a contradiction. I 

From Claim 1, we have 0 < k{G) < k — 1. If 0 < k{G) < k — 2, then (1) holds. If 
k,{G) = k — 1, then 5{G) > k{G) = k — 1. Furthermore, if k,{G) = 5{G) = k — 1, then (2) 
holds. From now on, we assume that k{G) = k — 1 and 5{G) > k. 

Claim 2. There exists a vertex subset S of V{G) with IS"! = A: such that for any S' C S 
with IS" I = A: — 1, if S" is not a vertex cut set of G, then for any vertex x € y{G) \ S, and 
any (x, S^j-fan, ui is an internal vertex of a path belonging to this (x, 5')-fan. 

Proof of Claim 2. Assume, to the contrary, that for any S C V{G) with IS"! = k, there 
exists a vertex subset S' in S with |5'| = k—1 such that S' is not a vertex cut of G, and there 
exists a vertex x € V{G) \ S and an (x, 5')-fan, ui is not an internal vertex of for any path 
of this (x, S")-fan. Let S' = {m 2, ^3, • • • j Uk} and S\S' = {ui}, where S = {ui,U 2 , • • • , u^}. 
Since k{G) = A: — 1, it follows from Lemma [7] that there is an (x,S")-fan in G, where 
X G y(G) \ S. Note that x ^ ui. Denote by P 2 , P3, • • • , Pk-i the k internally disjoint paths 
connecting x and U 2 ,us, ■ ■ ■ ,Uk-i of this (x,S")-fan, respectively. Recall that ui is not an 
internal vertex of for any path of this (x, S'^j-fan. Since k(G) = A: — 1 and S' is not a vertex 
cut of G, it follows that G\S' is connected and hence there is a path connecting x and ui, 
say Pi. Clearly, the graph H induced by the edges in P(Pi) U P(P2) U • • • U E{Pif) contains 
a pedant S'-Steiner tree, which implies that t(S) > 1. From the arbitrariness of S, we have 
Tk{G) > 1, a contradiction. I 

Furthermore, we have the following claim. 
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Claim 3. There exists a vertex subset S of V{G) with |5| = k such that for any S' C S 
with |S'| = k — 1, if S' is a vertex cut set of G, then for any vertex x {Gi) \ ui, and any 
(x, S'')-fan, Ml is an internal vertex of a path belonging to this {x, (S")-fan, where Gi is the 
connected component of G \ 5' containing mi. 

Proof of Claim 3. Assume, to the contrary, that for any S C V{G) with |5| = k, there 
exists a vertex subset S' in S with |S"| = k — 1 such that S' is a vertex cut of G, and 
there exist a vertex x € V(Gi) \ mi and an (x,S")-fan such that mi does not belong to 
this (x, 5')-fan, where Gi is the connected component of G \ S" containing mi. Denote by 
P 2 ,P 3 ,--- ,Pk-i the k internally disjoint paths connecting x and M2,M3 ,--- ,Mfc_i of this 
(x,S'')-fan, respectively. Since Gi is connected, there is a path connecting x and mi, say 
Pi- Clearly, the graph H induced by the edges in E{Pi) U E{P 2 ) U • • • U E{Pk) contains a 
pedant P-Steiner tree, which implies that t{S) > 1. From the arbitrariness of S, we have 
Tk{G) > 1, a contradiction. I 

From Claims 2 and 3, we know that (3) holds. 

Conversely, we suppose that G is a graph satisfying one of conditions in this theorem. 
Our aim is to show rfc(G) = 0. Suppose 0 < k{G) < k — 2. If Tk{G) > 1, then we 
have k(G) > A: — 1 by Lemma HJ a contradiction. Therefore, Tk{G) = 0, as desired. 
Suppose k(G) = 5(G) = k — 1. Then there exists a vertex of degree A: — 1, say mi. Let 
E^g{ui) = {m 2,M3 ,--- ,Mfc}. Choose S = {mi} U Nc{ui). Clearly, there is no pedant S- 
Steiner tree in G. Hence Tk{G) = 0, as desired. Suppose that G is a graph satisfying 
Condition (3). For the vertex set S C V{G), there is no pedant 5-Steiner tree in G, and 
hence Tk{G) =0. I 


6 Nordhaus-Guddum type result 

In this section, we study the Nordhaus-Gaddum type relations for pedant-tree connec¬ 
tivity. 

Theorem 8 Let k, n he two integers with 3 < k < n, and let G be a connected graph of 
order n. Then 

(1) 0 < rfc(G) -F rfc(G) <n-k; 

{2)0<Tk{G)-Tk{G)<[^]‘^. 

Moreover, the upper and lower bounds are sharp. 

Proof. (1) To avoid confusion, we denote the local pedant tree-connectivity of a A;-subset S 
in a graph G by r(G; S). Since GUG = Kn, for any A:-subset S we have r(G; 5)-|-r(G; S) < 
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T{Kn] S). Suppose that Tk{Kn) = T{Kn] So) for some A:-subset Sq. Then we have 

n{Kn) = T{Kn;So)>T{G-,So)+T{G;So)>n{G)+n{G). 

This together with Tk{Kn) = n — k results in Tk{G) + Tk{G) < n — k. 

(2) It follows immediately from (1). 

Example 1: Let G' be a graph of order n — 4, and let V 1 V 2 V 3 V 4 be a path. Let G be 
the graph obtained from G' and the path by adding edges between the vertex vi and 
all vertices of G' and adding edges between the vertex U4 and all vertices of G'. Since 
5{G) = 5{G) = 2, it follows that Tk{G) = Tk{G) = 0. So the lower bound of Theorem [8] is 
sharp for 3 < k < n. From Proposition [2l if G = then Tk{G) = n — k and Tk{G) = 0, 
and hence Tk{G) + Tk{G) = n — k. So the upper bound of Theorem [8] is sharp for 3 < k < n. 

Let us focus on (1) of Theorem [8l If one of G and G is disconnected, we can characterize 
the graphs attaining the upper bound by Lemma 01 

Proposition 2 For any graph G of order n, ifG is disconnected, then Tk{G)+Tk{G) = n—k 
if and only if G = K^- 

If both G and G are all connected, we can obtain a structural property of the graphs 
attaining the upper bound. 

Proposition 3 If Tk{G) + Tk{G) = n — k, then A{G) — S{G) < k — 1. 

Proof. Assume that A(G) — (5(G) > k. Since Tfc(G) < (5(G) = n—1 — A(G), Tk{G)+Tk{G) < 
(5(G) + n — 1 — A(G) < n — 1 — k, a contradiction. I 

One can see that the graphs with Tk{G) + Tk{G) = n — k must have a uniform degree 
distribution. 

From Corollary [H the following observation are immediate. 

Observation 3 Let G be a graph of order n (n > 3). Then Tn{G) +Tn{G) = 0 if and only 
if G is a graph of order n. 

From Corollary [2] and Theorem [HI we have the following result. 

Observation 4 Let G be a graph of order n (n > 4). Then 

0 < r„_i(G) + Tn-i{G) < 1. 

Furthermore, Tn-i{G)+Tn-i{G) = 1 if and only ifG or G is complete; Tn-i{G)+Tn-i{G) = 
0 if and only if both G and G are not complete. 
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From Corollary [3] and Theorem [HI we have the following resnlt. 


Proposition 4 Let G be a graph of order n (n > 5). Then 

Tn-2{G) + Tn-2{G) = 0 Or Tn-2{G) + Tn-2{G) = 2. 

Furthermore, Tn- 2 {G)+Tn- 2 {G) = 2 if and only ifG or G is complete; Tn- 2 {G)+Tn- 2 {G) = 
0 if and only if both G and G are not complete. 

Proof. From Theorem [HI 

0 < Tn-2{G) + Tn-2{G) < 2. 

Suppose Tn- 2 {G) + Tn- 2 {G) = 1. Then r„_ 2 (G') = 1 or t„_ 2 (G) = 1. Without loss of 
generality, let r„_ 2 (G) = 1 and = 0. From Corollary [3l G or G is a graph obtained 

from a complete graph of order n by deleting at most two edges. Therefore, e(G) = { 2 ) 
and e(G) = ( 2 ) — y, where 1 < x,y < 2. Since e(G) + e(G) = ( 2)5 it follows that 
2 < X + y = ( 2 ) <4 and hence n = 2 or n = 3, a contradiction. Hence 

Xn-2{G) + Tn-2{G) = 0 Or Tn-2{G) + Tn-2{G) = 2. 

Suppose Tn- 2 {G) + Tn- 2 {G) = 2. Then Tn- 2 {G) = 2 or Tn- 2 {G) = 2. Without loss of 
generality, let r„_ 2 (G) = 2 or Tn- 2 {G) = 0. From Corollary [3l graph G is complete. I 
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